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Abstract: 

Applying the Pasquier-Gaudin procedure we construct the Baxter's Q-operator for the 
homogeneous XXX model as integral operator in standard representation of SL{2). The 
^ i connection between Q-operator and local Hamiltonians is discussed. It is shown that 

operator of Lipatov's duality symmetry arises naturally as leading term of the asymptotic 
expansion of Q-operator for large values of spectral parameter. 
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1 Introduction. 

The modern approach to the theory of integrable systems is given by the quantum inverse 
scattering method(QISM) 0, 0. In the framework of QISM, eigenstates |Ai,...,A/) are 
obtained by the algebraic Bethe ansatz (ABA) method as an excitations over the vacuum 
state and the spectral problem is reduced to the set of algebraic Bethe equations (BE) for 
the parameters Xj. In fact the ABA is equivalent to the construction of the eigenfunctions 
in a special representation as polynomials of some suitable variables. 

The alternative approach is the method of Q-operator []I[ proposed by Baxter:there 
exists the operator Q{X) which obeys the Baxter equation. The set of the Bethe equations 
is equivalent to the Baxter equation for the eigenvalue Q{X) of the Q-operator. This 
second order finite-difference equation is the simple consequence of the Baxter relation 
for the transfer matrix and the Q-operator [||. 

The ABA and method of Q-operator are equivalent when eigenfunctions and therefore 
Q{X) are polynomials. In more general "nonpolynomial" situation one could use the 
method of Q-operator. The Q-operator for the periodic Toda chain was constructed 
in the work of Pasquier and Gaudin p[. The application of the Q-operator for the 
construction of eigenstates with arbitrary complex values of conformal wights in the 
case XXX spin chain was considered in the work of Korchemsky and Faddeev . In the 



present paper we construct Q-operator for the homogeneous XXX spin chain using the 
Pasquier-Gaudin procedure. 

The presentation is organized as follows. Section 2 introduces definitions and the 
standard facts about Baxter equation and construction of local Hamiltonians. In Section 
3 we construct the Q-operator and study some properties of the obtained Q-operator in 
the simplest case of homogeneous chain. In Section 4 we obtain the connection between 
Q-operator and local Hamiltonian. In Section 5 we consider the asymptotic expansion of 
Q-operator for large spectral parameter. The operator of duality symmetry introduced 
by L.N.Lipatov appears naturally as leading term in this asymptotic. Finally, in 
Section 6 we summarize. 

2 XXX spin chain 

In this section we collect some basic facts about XXX spin chain. 

2.1 i?- matrix and Yang-Baxter equation 

The main object is the so called R - matrix which is the solution of the Yang-Baxter 
equation: 

i?i2(A)i?i3(A + ii)R2M = R23{fi)Ri3{\ + fi)Ri2{\)- (2.1.1) 

The operator Rij{X) depends on some complex variable - spectral parameter A and two 
sets of 5'L(2)-generators Si and Sj acting in different vector spaces Vi and Vj. 

Fixing the representations of the spins Sj and Sj in the vector spaces Vi and Vj we 
obtain the following i?-matrices. 

• s = 1/2 in space V and arbitrary representation s for the Vj: 

Rj{X) = \ + l + vS,a. 
This i?-matrix is used for the construction of the Lax L-operator: 

L,(A).fi(A-|) = A + ,.&= CifA-'U) (^■^■^) 

• The equivalent representations s in spaces Vi and Vj §: 

Rij{\) = Pij ■ p/j -nX) ' '^'^ ' ^"^'^ ~ ^'> ^ ^^i (2.1.3) 

where P^j is the permutation and Lij is the "two-particle" Casimir in Vi ® Vj. 
This fundamental /^-matrix is the building block for the construction of the local 
Hamiltonians. 



2.2 Baxter equation for XXX-model. 

The "usual" quantum monodromy matrix T(A) is defined as product of tlie L-matrices 
in tlie common two-dimensional auxiliary space. T(A) is a 2 x 2 matrix with operator 
entries acting in the quantum space ^^^^Vi. 

T(A) = Li(A + ci)L2(A + C2)...L„(A + c„) = (^^|^j ^|^j ) (2.2.1) 

The quantum transfer matrix t(A) is obtained by taking trace of T(A) in the auxiliary 
space: 

t(A) =TrT(A) = A(A) + Z^(A) (2.2.2) 

Due to the Yang-Baxter equation the family of operators t(A) is commuting, its A ex- 
pansion begins with power A" and provides n — 1 commuting operators Qk'- 

n-2 

t{X) . t{fi) = t{fi) ■ t(A) ; t(A) = 2A" + ^ Q^A^ (2.2.3) 

fc=0 

It is possible to show that transfer matrix t(A) is S'L(2)-invariant 

n 

[S,t{X)] = 0; S^Y.^^ 



fc=i 



Therefore there exists the "full" set of n commuting operators: n — 1 operators Qk and 
operator S. Due to S'L(2)-invariance the subspace of the eigenvectors of operator t(A) 
with eigenvalue r(A) is the SL{2) - module generated by highest weight vector \E',i-G- 
vector space spanned by linear combinations of monomials in the S'^ applied to vector 
\I'. The highest weight vector \E' is defined by the equation S*^^ = 0. 

We shall work in standard discrete-series representation of the group SL{2): 

where S'L(2)-generators are realised as differential operators: 

Sk = Xkdk + Sk] S^ = -dk ; 5"^ = xldk + 2skXk (2.2.4) 

acting in the space of polynomials of the variable Xk- Here "spin" Sk is arbitrary number. 
In this representation the commuting operators Qk are "local" differential operators 
acting in the space of polynomials of the n variables Xi, ..., a;„ and there exists the vacuum 
vector |0): 

i?(A)|0) = ; A(A)|0) = A+(A)|0) ; D(A)|0) = A_(A)|0) 



so that we can use the Algebraic Bethe Ansatz(ABA) method and reduce the problem 
of the common diagonalization of the operators Qk and S: 



t{X)^i = t{X)^i ■ S^i = il + J2 ^A.)^/ 



fc=i 

to the solution of the Bethe equation |Q, ^. The vacuum vector |0) is the common highest 
vector of the local representations of SL(2): 

n 

|0) = II \0)k ; S^\0)k = ; Sk\0)k = Sk\0),, 
k=i 

and 

L.(A + c.)|0).= f^ + ^'= + ^^\^ ° )|0). 

V ■ ■ • X + Ck-r]SkJ 

so that 

n 

A±{\) = l[{\ + Ck±vsk). (2.2.5) 

k=l 

Let us look now the eigenvector "^i in the form: 

I n 

^, = |Ai,...,Az)=J]C(A,)|0) ; S\X,,...,Xi) = {l + J2sk)\Xi,...,Xi). 
j=i fc=i 

It is possible to show that vector |Ai, ..., A^) is eigenvector of operator t(A) with eigenvalue: 

on condition that the parameters Aj obey the Bethe equations: 

J](A, - A, + r7)A+(Ai) = J](A, - A, - ^)A-{X,). (2.2.7) 

It appears also that Bethe vectors |Ai, ..., A^) are the highest weight vectors: 

^-|Ai,...,A;) = 0. 



In the representation (|2.2.4| ) the highest weight vector \1// is represented by homogeneous, 



translation invariant polynomial degree 1(/ = 0, 1, 2...) of n variables xi, ..., x„: 

n n 

^Xfc9fc^/(xi...x„) = mi{xx...Xn) ; ^dk^i{xi...Xn) = 0. (2.2.8) 



k=l k=l 



One can obtain Bethe equation from the formula for r(A) by taking residue at A = Aj 
and using the fact that polynomial r(A) is regular at this point. Finally we see that 
equations (|2 .2 .61 . 12121^ ) are equivalent to the Baxter equation for the polynomial Q(A): 



r(A)g(A) = A+(A)g(A + r/) + A_(A)g(A - r]) (2.2.9) 

where 

Q{X) = const -YliX-Xj). (2.2.10) 

2.3 Local Hamiltonians 

Let us consider the homogeneous XXX-chain of equal spins: c^ = and s^ = s and 
fix the same representation s in auxiliary space. In this case the quantum monodromy 



matrix Ts{X) is the product of the fundamental i?-matrices ( |2.1.3| ): 

T,{X) = R^{X)R2{X)...Rn{X) 

The transfer matrix ts{X) is obtained by taking trace of ^^(A) in the auxiliary space and 
due to the Yang-Baxter equation the families of operators ^^(A) and t(A) are commuting: 

tsiX) = Tr,T,(A) ; t.(A)t,(^) = t.(/i)t.(A) ; t(A)t,(/i) = UMX). 

The A expansion of the logts(A) provides Hamiltonians Hk- 



k 



^^-^l^log^A) 



; [Hk^Hi] = Q- [iJfc,g,] = (2.3.1) 

A=0 



where the fc-th operator describes the interaction between k + 1 nearest neighbours on 



the chain. Due to the evident equalities (see ( |2.1.3| )): 

i?.,(0)=P., ; i?^(0) = 2r^P,,-V^(J,,) 
one obtains the following expression for the first "two-particle" Hamiltonian Hi. 

" . . 1 

Hi = y Hk-l,k ; Hk-l^k = -Pk-l,kRk-l fc = 2 • 1p{Jk-l,k)-> 

^-^ ri 

k=l ' 

where ip{x) is logarithmic derivative of r(x). It is convenient to work with the "shifted" 
Hamiltonian: 

n 

H = J2 Hk~i,k ; Hk-i,k = 2 ■ tp{Jk-i,k) - 2^(2s), (2.3.2) 

fc=i 

where the "shift" constant is defined by the requirenent: 

Hk-iM = 0. 



Let us calculate the eigenvalues of the operator Hk-i,k- Operator Hk-i,k is SL{2)- 
invariant 



[^k-i + ^k 1 Hk-i,k] — ; [Sk-i + Sk, Hk-i,, 







and its highest weight eigenf unctions ^i have the simple form in the representation ( |2.2.4| ): 

{xk^idk-i + Xkdk)'^i = I'^i , (dk-i + dk)'^i = ^ "^lixk-i, Xk) = (xk^i - XkY- 
The two-particle Casimir Lj^.i ^ is the second order differential operator: 

Lk-i,k = — (a^fc-i — Xk) ^dk-idk{xk-i — Xk) 
and its eigenvalues Li and eigenvalues Ji of operator Jk^i,k can be easily calculated: 

Li = {2s + l){2s + I - I) ■ Ji = 2s + l. 
Finally we obtain the eigenvalues Hi of the operator Hk^u^: 

Hi = 2ij{2s + I) - 2il){2s). 



In the representation ( p.2.4|) the operator Hk-i.k can be realized as some "two-particle" 
integral operator acting on the variables Xk~i and Xk'- 



^k-l,k'^{Xk-l,Xk) 



da 



a 



2s-l 



a 



'^{axk-i+axk, Xfc)+^(xfc_i, aXk-i+aXk)-2^{xk-i,Xk) 

(2.3.3) 
. To prove the equal- 



Note that these integral operators arise naturally in QCD 

ity (|2.3.3| ) it is sufficient to show that eigenvalues of integral operator coincide with the 

eigenvalues Hf. 



da 



a 



2s-l 



a 



a'-l] =2[V^(2s + /)-^(2s)]. 



The expression for the eigenvalues of the full Hamiltonian H can be found by the ABA 
method 0: 



H 



1 V A 



log -T — = Z 2^ 



1 1 

+ 



Xj — r]s 7] ^ L?7s — Xj T]s + X 



It is possible to rewrite this expression in terms of the (5(A)-function (|2.2.10|) as fol- 
lows 0: 

^ ^ Q'jys) _ Q'i-ys) ^2.3.4) 

rjQirjs) rjQ{-rjs) 
There exists an additional commuting with transfer matrix operator - shift operator P: 



Pm{Zi,Z2...Zn) = ^{Zn,Zi...Zn-l) ] P = t,{0). 



(2.3.5) 



Eigenvalues of the shift operator P can be found by the ABA method also: 

In the next sections we shall construct the Baxter's Q-operator and show that Baxter 
equation ( p.2.9|) and equations (|2.3.4| , ^73l6D arise from the corresponding relations for 



the Q-operator. 

3 Baxter's Q-operator. 

The Baxter's Q - operator is the operator Q{X) with the properties [|I|: 
• t{X)Q{X) = A+(A)Q(A + 7])+ A_(A)Q(A - r]) 

• Q(/i)g(A) = Q(A)g(^) 

. t(/x)Q(A) = g(A)t(/x). 
Operators Q{X) and t(A) have the common set of eigenf unctions: 

g(A)^ = Q{X) ■ ^ ; t{X)^ = r(A) • ^ (3.0.1) 



and eigenvalues of these operators obey the Baxter equation (|2.2.9D . Note that Q- 



function ( |2.2.1(J| ) has the natural interpretation as the eigenvalue of the Q-operator. 



We construct the operator Q{X) in the standard representation of the group SL(2) 
in the following form: 

Q{X)^{x) = {RQ{X; X, z)\^{z)) ; i?Q(A; z) = z'^'QiX; z~^) (3.0.2) 

where R is the transformation of inversion. The scalar product here is the standard 
S'L(2)-invariant scalar product for functions of the one variable: 

f 2s — 1 dzdz 
(vi/(z)|$(.)) = / Dz ^{zMz) ■ Dz ^ ^ "" (3.0.3) 

J\z\<l TT (1 -ZZy ^' 



and z is "integration" or "dumb" variable. In ( p.0.2|) the scalar product over all variables 



Zi...Zn is assumed. The S'L(2)-generators S"^ are conjugated with respect to this scalar 
product: 

(^|5±$) = (S^^|$) ; (^15$) = (5^1$). 

Using the evident identities: 

R<l>{z) = z-^'<^{z-^) ■ RS^<l>{z) = -S^R^z) ■ RS<^{z) = -SR<l>{z) 



we obtain the following rules for transposition: 

{RQiX;z)\S^^iz)) = -{RS^QiX;z)\^iz)) ; {QiX; z)\S^iz)) = -{RSQiX; z)\^iz)) 

(3.0.4) 
In fact the construction of the Q-operator repeates the similar construction from the 
paper Pasquier and Gaudin 0. 

The operator t(A) = TrT(A), where 

T(A)=Li(A + ci)...L„(A + c„), 

r / N f o:k + Xkdk + Sk -dk \ X + Ck 

V xidk + 2skXk ak - Xkdk - Sk J t] 

is invariant with respect to transformation of the local matrices Lk IQ : 

Lk-^Lk = N^^LkNk+i ; iV„+i = iVi 

where Nk are the matrices with scalar elements. Simple calculation shows that matrix 
elements of the transformed matrix 

Lk ^ N-'LkNk+i = i^j\, ^^2 j ■^N^=y_iy^ 

have the form 

^" = -{.^k - ykf^'"'-'"'dk{xk - ykr'-"-' 

Lf = -{^k - Vkf^'^'^-'K^k - yk+iY-'''~'''dk{xk - i/fc)^'=-"Ha;fc - Z/fe+i)''=+"'= 

If = dk ; If = {xk - yk+iY~''''~''dk{xk - Vk+iT''^''. 

This expression for L-operator suggests to consider the function: 

<Pk{,ak]Xk]yk,yk+i) = (xk - VkT^^'^ixk - yk+iy^"''"- 
The operators V^ act on this function as follows: 

L^Vfc(ttfc) = (ttfc + Sk)(l)k{ak + 1) ; Lf(j)k{ak) = 

Lfcpkiak) = {ak - Sk)<p{ak - 1). 
Let us fix the dependence on the x- variables in the kernel of operator Q{X) in the form: 

n 

Q{X; x) ^Y\_ 4>{oik] Xk] yk, yk+i) ; v^k = A + c^, 
fc=i 

where {j/j} - is the set of arbitrary parameters now. Then we have: 



After multiplication of these triangular matrices and calculation of the trace we obtain 
the "right" Baxter's relation: 

t(A)g(A; x) = A+(A)g(A + r/; x) + A_(A)g(A - r/; x). 

Next step we fix the dependence on the z- variables in the kernel of operator Q{X) to 
obtain the "left" Baxter's relation: 

g(A; X, z)t{X) = A+(A)g(A + r]; x, z) + A_(A)g(A - r/; x, z). 



The rules ( p.0.4| ) allow to move 5'L(2)-generators from the function ^&(-^) to the kernel 



of the Q-operator: 

(i?g(A;x,^)|Li...L„$(^)) = i,RL'^...L'^Q{\-x,z)\^{z)) 
where 



and t means transposition. The trace of the product of L'-matrices can be calculated 

TrL;...L; = Tr [Li...L„]* = TrLi...L„, 
and finally we obtain: 

(i?g(A;a;,;2)|Tr[Li...L„]^(^)) = {mx{U...L^\Q{\-x,z)\^{z)) 

Therefore the dependence of the kernel g(A;x,2;) on the x- and z- variables have the 
same form. 

In the sequel we shall concentrate on the case of homogeneous XXX-chain. 

3.1 Q-operator for the homogeneous XXX-chain 

In this section we consider the homogeneous XXX-chain of equal spins: q = , Si = s. 
The kernel: 

n 

Q{X;x,z) = {-ly^'^'Ylixk - Zk)'^ {xk - Zk+i)~^ 

k=l 

has the "true" x- and ^-dependences and therefore g-operator can be defined as follows: 

n 

g(A)*(x) = (i?g(A; X, ^)l^(^)) = n((l - ZkXkr'-^il - ZkX,_i)-"-^\^{z)). 

k=X 

There exists some useful integral representations for obtained Q-operator. 



3.2 The a-representation for the Q-operator 

Let us consider the Q-operator: 



71 



^ -| — r ?7S-i-A J]S — A 

Q(A)^(xi...a;„) = _[_[((! - Xk-iZk) ^(1 - XkZk) ~\'i'{zi...Zn)) 



k=l 



and transform the z^-integral using the following identity: 



DZk (1 - XkZk) "(1 - Xk-lZk) ^^(-2fc) 



r{2s) 



I 

• / daa""^(l-a)^"^^[axfc + (l-a)xfc_i] ; a + b = 2s. (3.2.1) 

r(a)r(o) Jo 

To prove this identity we use the Feynman formula: 

and transform the product: 

(1 - XkZk) ""{l - Xk-iZk) = ^, .^,' ■ da- 



T{a)T{b) Jo [1 - {axk + (1 - a)xk-i)zk] 
The remaining z-integral can be easily calculated: 



- -,2s- 



Dzk (1 - xzk) ""^{zk) = "ifix) ; X = axk + (1 - a)xk-i. 
Finally we obtain the useful integral representation (a-representation) for the Q-operator: 
Q(A)^(x) = TT r(A; s) [ daka'^~^a'^~^^...akXk + akXk-i-], (3.2.3) 



fc=i 
where a = 1 — a and 



r(A;s) = 



T{s + Xr]'^)T{s - Xt]-^)' 
Let us consider the eigenvalue problem for the Q-operator: 

Q{X)^{x)=Q{X)^{x), 

where polynomial \E'(x) belongs to the space of homogeneous polynomials degree / (|2.2.8| ): 

v|/(x)=^vl>p,...p„xf...x^" ■ p,+p, + ...+pr, = l; 1 = 0,1,2... (3.2.4) 

p 

10 



The Q-operator transforms polynomial \I'(x) to homogeneous polynomial degree / whose 
coefficients are polynomials in A degree I. Therefore eigenvalues Q{X) of the Q-operator 
are polynomials in A degree /. 

For the proof we use obtained a-representation. Let us consider the action of Q- 
operator on polynomial \l/(x): 



n „i 

Q(A)M/(x) = 5^M/,,...,„nr(A;s) / da 

p fc=l -^0 



ijs — X -| ?7S-|-A -| 



The expression for the a^-integral have the form: 

r(A; s) / dafcOfc " a^ " [akXk + akXk-if" = y^ C; 

"^ ,m—r\ 



Pk,m-^k -^k-l ' 



m=0 



where coefficients Cp^.^m 

_ Pk\ r(2g) r(g- A7/-^+m)r(s + A7/-^+pfc-m) 

^'"'^~ m\{pk-m)\V{2s + pk) T{s - \r]-^) r(s + Ar/^i) 

are polynomials in A degree pk because of evident equality: 

r(a + m) 



Via) 



a[a + l)...(a + m — 1] 



There are similar expressions for the remaining a-integrals and we obtain that Q-operator 
transforms polynomial \l/(a;) to homogeneous polynomial degree / whose coefficients are 
polynomials in A degree pi+ p2 + ■■■Pn = I- 

There exists some another useful representation for the Q-operator (t-representation): 

g(A)vi>(x)^n ^}^''\,,^, r dtk{tk-xk-i)'^-\xk-tk)"^-'n-tk..]. 

fc=l ^"^^ ^k-l) Jxk-1 

(3.2.5) 
This formula is obtained from the ( p.2.3| ) by the following change of variables: 



tk = akXk + akXk- 



1- 



3.3 5'L(2)-invariance of the Q-operator. Commutativity 

We shall prove the two important properties of obtained Q-operator: S'L(2)-invariance 
and commutativity. Let us begin from the S'L(2)-invariance: 



SQ{X)^!{x) =Q{X)S^!{x) ; S^{x) = {ex + d)-''^{Sx) ; Sx 



ex + d 



11 



The simplest way is to use the representation ( |3.2.5| ). We start from SQ{X): 

5Q(A)^(x) ~ (Sxk - Sxk^iy^' ■ / dt(t - Sxk^iy-^-\Sxk - t)'V-i^(t) 

J Sxk-i 



and make the change of variable in t-integral: 

t = St = : ; St — Sx 



T — X 



CT + d 



{cT + d) {ex + d) 



dt 



dr 



{cT + dy 



After this change of variable the t-integral is transformed to the r-integral of required 
form: 



[Xk-Xk-l, 



-2s+l 



^k 



rjs — X 



r]s + X 



dT{T -Xk-i)^r-\xk-T)^r-\cT + d)-^'^<{ST) ^ Q{\)S^{x). 



^k-l 



It is worth to emphasize that all factors like {cx^ + d)~'^^ are cancelled in the whole 
product. 

The second important property of Q-operator is commutativity: 



Q(/x)Q(A) = Q(A)Q(/x). 



(3.3.1) 



It follows that there exists a unitary operator U independent on A which diagonalizes 
(5(A) simultaneously for all values of A and therefore due to the Baxter relation operators 
(5(A) and t(/i) commute also: 



t(/.)g(A)=Q(A)t(/x). 



(3.3.2) 



It is useful to visualize the Q-operator itself and the product of two Q-operators as 
shown in figure: the line with index a between the points x and z represents the function 
'1 — xz)^°- where a = ^^^^ and b = 2£:^_ xhe integration (|3.0.3| ) in any four-point 




Xi 



Zk 



Xr, 




Zl 



Xk-1 



2s — a 



Xk 




Zk+l 



Q{X;x;z) 



Q{X)Q{fi) 



12 



Let us consider the product Q{X)Q{fi) and the corresponding kerneh 



X — rjs 



n —A — ris A — r]s fi — ris —fi — T}s 

{{i-Xk-iVk) " {i-Xkyk)~^\i'i--ykZk+i)~^{'i--ykZk) " ) 



fc=i 



The " mechanism" of commutativity is shown in figure [Q : 
a — b 



a — b 







and is grounded on the "local" identity: 

((1 - xk-wr'^^^a - Xky)-''\ii - yzk)-\i - yzk+ir''^') ■ (1 - z.Xk-iT-' = (3.3.3) 

= ((1 - Xk-iy)-''+\l - Xky)-'\il - y^fc)-"(l - yzk+ir^'"-") ■ (1 - Zk+iXkT-'. 

The graphic representation of this identity is shown in figure (a, b are arbitrary parame- 
ters) : 

Xk—i:: yZk 




.k+1 




a — b 



The proof of the equality ( p.3.3|) can be found in Appendix. 



3.4 Eigenvalues of the Q - operator for n = 2 

The case n = 2 is the simplest one: 

t{X) = 2X^ + 2rfSiS2 = 2X^ - 2rfs{s - 1) + t^L. 



13 



There exists only one integral of motion - two-particle Casimir: L = {Si + 6*2)^. Its 
highest weight eigenf unctions have the form: 

'^i{xi,X2) = (xi - X2)' ; L^i = {l + 2s){l + 2s- 1)^^. 

Due to S'L(2)-invariance these functions are eigenfunctions for the Q-operator also. Let 
us calculate the eigenvalue Qi{X): 

The simplest way is to use the a-representation: 

Q(A)^i = r^(A;s) / dadf3{af3)^'^{a(3)^~^ ■'^i[axi + ax2;(3x2 + (3xi], 
Jo 

so that we obtain: 

/•I 

Qi{X) = {-lyV^X; s) / dad(3{a(3)'^-\a^)'^-\l - a - py. 



The eigenvalue Qi{X) was obtained in equivalent form in the paper [0 and polynomials (in 
A) Qi{X) coincide with the Hanh orthogonal polynomials. 

4 Q-operator for A = ±775 and local Hamiltonians 

Let us consider the Q-operator in a-representation: 

Q{X)'^{x) = [[T{X;s) daka,^" a^'' ^[...auXk + auXk-i-.] 
fe=l -^0 

for the special value of spectral parameter A = r/s + r/e and calculate the first two terms 
of the e-expansion. 

We start from the afc-integral: 

r(2s) _ _ ^^, 



r(2s + e)r(-e) 



I daa-'-^a^'+'-^-^[...axk + 
Jo 



The prefactor in this expression is proportional to e and there exists the singular e-pole 
term in the a-integral because of singularity in the point a = 0. For the calculation of 
the e-pole term one can put a = in the argument of the \l/-function: 

/ daa-'-^a^'+'-^-^[aXk + axk-i] -^ wl ^ ^ ' ^\^k-i]- 

Jo ^ {2s) 

In the main order of e-expansion we need the singular part of the integral only and have: 

Q{r]s)'^{Xi,X2...Xk...Xn) = '^{Xn,Xi...Xk-l...Xn-l). (4.0.1) 
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Therefore the Q-operator for X = rjs coincides with the "shift" operator P: 

P^(xi,X2...Xfc...x„) = ^(x„,xi...Xfc_i...a;„_i) ; Q{r]s) = P. 

In the next order of the e-expansion we have to extract the e-pole contributions from the 
n — 1 a-integrals and the next term of the e-expansion from the one remaining integral. 
This remaining a^-integral has the form: 



T{2s) 



r(2s + e)r(-e) 



dafettfc' «/+' '^{...Xk-2,akXk + akXk-i,Xk...). 



Note that e-pole contributions effectively shift all arguments of the \l'(a;i...a;„)-function 
except for the k-th one. For the calculation of a^-integral it is useful to add and subtract 
the pole term: 

-1 



r(2s) 



r(2s + e)r(-e) 



daa-^-^a^s+e-i 



^(axfc + axk-i) ± "^{xk-i] 



The integral with the difference is regular so we can put e = in integrand and extract 
the needed contribution: 



1 a^^-i 



da- 



a 



^(xfc- 



Finally we obtain the first two terms in the e-expansion of the Q-operator: 

n 



k=l 



where the operator Hf^^^ ^ is defined as follows: 



H,^_,k'^{Xi...Xk-.Xr^ 



" 



'^{...Xk-2, axk+axk-i, Xfe...)-^(...Xfc_2, Xk^i,Xk...) 



Note this "two-particle" operator is not S'L(2)-invariant. 

In a similar way one can calculate the first two terms of e-expansion for A = —rjs: 



Q{-^s + ^e) = 1 - e 5^ H+_,, + 0{e' 



k=l 



where: 

Hj^_,k'^{Xi...Xk...Xr. 



da 



^(...Xfc-i, axk+axk-i, Xk+i...)-'^{...Xk-i,Xk, Xk+i-.-) 



10 " 

Let us consider the e-expansion of the following combination of the Q-operators: 



Q \r]s)Q{r]s + r]e) - Q \-r]s)Q{-r]s + 



m) 



Y."" 



e > nk-i,k + 0{e). 

k=l 
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Using the expressions for the operators Hf^_i ^ and H^_i f. it is easy to check that operator 
H]^_ik acts on the variables Zk-i-, z^ only and coincides to the integral operator considered 
in (|2.3.3| ). Finally we have found the following operator relations: 

. Q{-r^s) = 1 
• Q{r]s) = P 

Let us compare these relations to the one obtained by the ABA method ( p.3.4| , ^l3l6| ). 



The first relation fixes normalization of the Q-operator and the normalization of the 
eigenvalues of Q-operator: 



QW 



TT . -^ ~ -^J 



(4.0.2) 



The second relation allows to express the eigenvalues of the " shift" P-operator in terms 
of the function Q{\): 



Pi = Qivs) = n 



A, 



r]s 



fj^ \- + Vs 



in agreement with (|2.3.6| ). The thrird relation is the operator version of the equal- 
ity {^X§. 



5 Asymptotic expansion of Q-operator for A 



(X) 



L.N.Lipatov |0 has found some beautiful symmetry of the XXX model: duality trans- 
formation. In this section we show that operator S of duality arises naturally as leading 
term in asymptotic of Q-operator for large A. 

To start with let us define some transformation wich is analogous to the Fourier 
tranformation from the coordinate representation to the momentum representation. 



5.1 Momentum representation 

Let us define the transformation T from the function ^(x) in "momentum" representa- 
tion to the used so far function \E'(x) in "coordinate" representation: 



^(x) = T 



^fxl 



Mj(x,...x^)^^ida,..AJllT— 



L [1 - akXk] 



2s 



a=0 



This transformation maps polynomials to polynomials and can be represented as com- 
position of Laplace transformation and inversion: 

1 



T 



v&fxl 



r(2.)^7o 



dte-*^r'-^^(t). 
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Using the well known properties of Laplace transformation and eqs. ( p.0.4| ) it is easy to 
derive the expression for the S'L(2)-generators in "momentum" representation: 



T 



x'^(x) 



x^9 + 2sx]^(x) ; T (x9^ + 2s9)^(x) = 9^(x 



T 



{xd + s)'^{x) = {xd + s)'^{x). 



To obtain the rules for the transformation of commuting operators Qk ( P-2.3| ) from 
one representation to the another we start from the very beginning and consider trans- 
formation of the L-operator. The L-operator in coordinate representation is the T- 
transformation from the L'-operator in "momentum" representation: 



A + ri[xd + s] 



-rjd 



ri[x'^d + 2sd] \ — ri[xd + s] 



, _ , A + r][xd + s] —ri[xd'^ + 2sd] \ _ j 

A — r][xd + s] J ^ ^' 



•qx 



where 

A — ri[xd + s\ —rjx 

rilxd"^ + 2sd] A + ri[xd + s] 

The cr2-matrices are cancelled for the transfer matrix and we can work directly with L. 
Finally we have the formal rules for the transformation from one representation to 
the another one: 

T] — >■ —T] ; a; — >■ 5, 

and operators x and d have to be "normal ordered": all d stay on the right from the x. 



5.2 Asymptotic expansion for large A 

Let us calculate the asymptotic of the Q-operator: 

Q(A)^(x) = TTr(A;s) / dofcO^, " a^ " "^[...akXk + akXk-i-.], 
fc=l -^0 

for large values of spectral parameter A. Without lose of generality we can restrict 
the full space of polynomials to the subspace of homogeneous (degree /) polynomials 

^{x) dm). 

There exists the expression for Q-operator wich is more useful for the calculation of 
the asymptotic: 



Q{X)^{x) = ^{d^)l[- 



1 



^j^ [1 - akXkY-^^'"[l - akXk-iY+^^'" 
This formula can be obtained as follows: 



(5.2.1) 



a=0 



ris — X 1 77S + A 1 — / 

Jo [I - ttkiaxk + aXk-i)Y' 



rjs — X 1 T7S + A 



-1 



17 



T~\\;smd,,]- 



[1 - akXkY-^^'" [1 - akXk-iY+^'i ' 

where the Feynman formula ( |3.2.2| ) is used in "opposite" direction. 

For the calculation of the asymptotic it is useful to rescale variables Oj and use the 
standard expansion for logarithm: 



V^i 



1 



ax 



A ' V A 
Let us consider the contribution with a^: 



2sax — a^x"^ 
exp<j -ax H — h 



1 



"'=' [1 - auXkY-^^-'[l - akXu-iY+^^-' 



at=0 



*(A?7 ^da) exp|a(2;fc_i - Xk) + 
ri{xk-i + Xk) 



-^{X7]-^z) + 



2A 



^^^^^^^(2.a + [xk-, - Xk)a') + ...} 



a=0 



lx=a;fe_i-a;'fe 



Polynomial \l/(x) is homogeneous so that: 

^{Xr]'^x) = {XT]-y^{x) 

and finally we obtain the first two terms of asymptotic expansion of the Q-operator for 
large A: 



Q(^) =^Qk- i^V ^y '' ; Qo^{x) = ^(X„ - Xi, Xi - X2, ..., Xn-1 - Xn) 



(5.2.2) 



A;=0 



1 " 

Qi'^i^) = ^ 5Z (^fc + ^k-i){zkdl^ + 2sd,^)^{z) 



^k — ^k — 1 ^k 



k=l 



It seems that all operators Qk are local differential operators in momentum representa- 
tion. 

The operator S of duality transformation is defined in the following way: 

5^(a;i...x„) = ^{xn -a;i,xi - xs, ...,a;„_i -x„). 

This operator coincides with the leading term Qo of asymptotic expansion and therefore 
operator S commutes with all integrals of motion Qk (p.2.3|) . Its common eigenfunction 
have to be eigenfunction of the iS-operator: 

5\1/(X1...X„) = Si ■ "^{Xi-.-Xn) ^ ^{Xn - Xi, Xi - X2, ..., X„_i - X„) = Si ■ \I'(Xi...Xn) 

Note that subspace of the common eigenvectors of Qk with some eigenvalues qk is the 
SL{2) - module generated by highest weight vector \1/. The highest weight vector \1/ is 
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defined by the equation S^"^ = and can be constructed by the ABA method ( |2.2.8| ). 
^From the expression for the eigenvalue of the Q-operator ( |4.0.2| ) one can derives the 
expression for the Si: 

Therefore the eigenvalue of the duality operator for the highest weight vector of SL{2)- 
module has the form: 

It is easy to see that all other vectors from S'L(2)-module form the "zero" subspace: 
^{xi...Xn) = S^'^ixi-.-Xn) ^ 5<l>(xi ...x„) = S{xi + ... + a;„)ff (xi.-.Xn) = 0. 

6 Conclusions. 

We have constructed the Baxter's Q-operator for the homogeneous XXX spin chain 
and have checked the consistence of obtained results with the corresponding formulae 
obtained in the framework of the ABA-method. We have found the connection between 
Q-operator and operator of duality symmetry. 

The considered construction can be applied to the inhomogeneous XXX-model but 
we are not able to obtain the useful and compact representation for the Q-operator in 
this case. 

There exists some more universal approach to the construction of the quantum Q- 
operator. As V.B.Kuznetsov and E.K.Sklyanin informed me, they have recently obtained 
similar results |Tl| using the approach of |]10[ based on correspondence between the 



quantum Q-operator and classical Backlund transformation. 
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Appendix 

In this Appendix we prove the identity: 

((1 - x,_ii/)-2-+'^(l - Xky)-^\il - yzk)-\l - yzk+i)-'-'^') ■ (1 - z^Xk-iT-' = 
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= ((1 - Xfc_ii/)-2^+^(l - Xky)-'\{1 - yzuY'^H - i/Zfe+i)-2^+") ■ (1 - zu+iXuT-' (B.l) 
First of all note that the equality ( |3.2.1|) can be rewritten in integral form: 

and therefore the identity ( p.l| ) is equivalent to the following identity for integrals: 



'^k 



^k-1 



dt- 



T{2s - a)T{a) {xk - Xk-iY'-^ J,,_, {I ~ tz^Yil - tz^+i) 



,2s-b 

I I I y I, I II I /- (, I 1 r 

'fe-i 



r(2s) {1 - xkZk+ir-" r^ ^ jT-xk-iy-\x,-Tf^-'-^ 

/l __\<-Tt/'-1 __ \9c — n ' \ ' / 



T{2s - b)T{b) (xk - Xfc_i)2^-i ^_^ (1 - TZk)''il - TZk+iy^-- 

Let us start from the t-integral. There exists the bilinear transformation with the prop- 
erties: 

Z = Sx = — ; — — ; OXfc = Zk , OXk-l = 2fe+l 

Cx + D 
This transformation can be obtained as follows: 

z - Zk j^ X- Xk x{xk - Xk-iR) + ZkXk-iR - XkZk+1 Ax-C 

— j^_ -^ ^ — — 



z — Zk+i X — Xk-i x{l — R) + ZkR — Zk+i Cx + D 

and therefore: 

A = {xk - Xk-iR) ; D = ZkR - Zk+i ; C = 1 - R ; R= 

1 - ZkXk-l 

It is worth to emphasize the additional properties: 

c _ c _ Czk+i + D _ 
oZk — Xk , oZk+l — Xk-i ; —p:; ; — p:— — -K 

Czk + D 
Let us make the same bilinear transformation in t-integral: 

+ -Q _ Ar-C _Czk + D _ _ 

t — OT — — ; — — , I — tZk — —^ ; — —\i- — TXk) ; Xk — oZk , Xk~l — OZk+i- 

C-r -\- U ur + JJ 



Then we obtain: 



1 r ^^it-xk-ir-\xk-tf'~^-' 



(xfc - Xfc_i)2^-i y,^_^ {i-tzkyii-tzk+iy^-'' 

{Czk+i + Or-' 1 r'^ ^ (^r - Zk+ir-\zk - r)^'-""-' 

dr- 



{Czk + Dy-^ {zk - Zk+i)^^-' L {l-rxky{l-TXk-i)^ 



Zk + l 
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On the next step we transform the r-integral using the a-representation and the Feynman 
formula: 



{Zk-zu+if^-^ 7,,,, {l-TXkni-rxu-iY^-^ 



1 ^a-l^2s-a-l 

aa-. 



[1 - {azk + azk+i)Xk]''[l - {azk + azk+i)xk-i] 



2s-b 



T{b)T{2s-b) Jq 7o [I - {aZk + azk+i){(3xk + (3xk-i)] 

r(a)r(2s-a) /-i /3^-i^2.-6-i 

' r{b)r{2s - h) X ^ [1 - (/5xfc + /3a;fc_i)^fc]«[l - {(3xk + ^Xfe_i)zfe+i]2-- 

r(a)r(2s-a) 1 p ^ (7-_a;,_^)6-i(a;,_7-)2s-6-i 

dr- 



2s 



r(6)r(2s - h) {xk - Xk-iY'-^ J,^_^ (1 - rzk^l - TZk+ 
Collect all together we obtain the equality (p.2| ). 
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